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In this paper we prove that the set A = {k/q I there exists a complete k-arc in PG(2, q)} is 
dense in [0, ½]. 
A k-arc is a set of k points in PG(2, q) that has no three collinear points. A 
k-arc is said to be complete if there is no (k + 1)-arc containing it. As is well 
known the maximum number of points that a k-arc can have is q + 1 for odd and 
q + 2 for even q's. A k-arc with this number of points is called oval. 
Several papers have been devoted to the study of non-oval k-arcs in PG(2, q) 
(see [1, 6, 8, 9]) and the known general constructions result in complete arcs with 
approximately ½q (see [4, 5, 8]), ~q (see [1, 6, 9]), ~q (see [6]), 2q 9/1° (see [9]) or 
with q - Vq + 1 (see [2, 3]) points. 
The purpose of this paper is to show that 
arcs regarding the order of magnitude of k 
prove by two general constructions that the 
k-arc in PG(2, q)} c_ [0, 2] is dense in [0, ½]. 
The common fundamental idea of our 
there are substantially more complete 
with respect o q. More precisely we 
set A = {k/q  I there exists a complete 
constructions is due to Segre and 
Lombardo-Radice: "The points of the arc are chosen, with some exceptions, 
among the points of a conic or cubic curve". The proof of the completeness of
our arcs requires the use of the Hasse-Weil theorem (see [4]). 
Construction 1 
Take q =ph (h/> 5, p ~ 2, 3 a prime) o =p e Aut(GF(q)), and let G = 
(GF(q), +). The factor group (~ = G/{u ° - u [ u e GF(q)} is isomorphic (by ~p) 
to the additive group (mod p, +). Let {v0=0, . . . ,  vp-1} be a system of 
representatives in G such that lp(0i)= i. (The natural homomorphism from G 
onto t~ is denoted by -.) Let k be an arbitrary integer such that ~3p < k < ½p and 
K= {((x ° -x  +vi ) ,  (x° -x  +v i )  2, 1) [ i=O, .  . . , k -  1} 
t.J {(1, v2k-1, 0)} tJ {(1, 1)p_l, 0)}. 
Obviously IKI = (k /p )  . q + 2. 
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Lemma 1. Let Ko = (((x ° -  x),  (x ° -  x) 2, 1) Ix e GF(q)} ~ K be a point-set lying 
on the conic C 2 with equation Y = X 2. There is a chord of  Ko through any points 
A(a, b, 1) of PG(2, q) not belonging to C 2. 
Proof. The condition of collinearity of Vl(IJ1, U 2, 1), V2(1}2, 1,12, 1) and A(a, b, 1) 
is equivalent to a(v l  + rE) - b - VlV2 = 0, since vl ~ v2 (as V~ :/: V2). Substituting 
vl =x° -x ,  v2 =y° -y ,  i.e., V1, V2 e Ko we need exactly the following lemma for 
proving Lemma 1. 
Lemma 2. The curve C with equation 
f (x ,  y) = a (x° -  x + y° -  y) - b - (x° -  x ) (y° -  y) = O 
has some points P (x ,y ,  1) belonging to PG(2, q) such that x° -x=/=y° -y ,  
a2~b.  
/f 
Proof. First we show that C is absolutely irreducible. The following facts can 
easily be proved by direct calculations: 
(i) C has no affine singular points. 
(ii) The ideal points X®(1, 0, 0) and Y~ (0, 1, 0) of C are ordinary singularities 
of multiplicity o. 
(iii) The tangents of C at Y® are exactly the lines lc with equation x = 
c (c ° - c = a). Moreover the intersection multiplicity of C and lc equals to 
20. 
(iv) C has no linear components. 
Thus from Segre's criterion (see [7]) follows the absolute irreducibility of C. C 
has at most 202 points P(x, y, 1) of PG(2, q) such that x° -x  =y° -y ,  since 
every such point lies on a line le with equation x -y  = e (e °= e) and from Bezout 
theorem it follows that C and le have not more than 20 points in common. 
Finally, with the aid of the Hasse-Weil theorem for the number N of points of C 
in PG(2, q) 
N>lq+1- (2t r -1 ) (2 t r -2 )Vq>202+2a,  sinceh>15. [] [] 
Theorem 1. K is a complete arc. 
Proof. First of all we prove that K is an arc indeed. The collinearity of 
Pl(xl, x 2, 1), P2(x2, x 2, 1) and P3(1, m, 0) is equivalent to xl +x2=m.  The 
equations x ° - x + vi + y°  - y + vj = V2k-1 or v~,_l (0 ~< i, ] ~< k - 1) have no solu- 
tions since applying -, we get vi + v~ = O2k-X or ve-~, which is impossible, since 
i+ j~2k-1  orp-1 .  
Now we have to prove the completeness of K. From Lemma 1 it follows that K 
can be extended by points of C 2 at most. So let us suppose indirectly that the 
point A(a,  a 2, 1) can be adjoined to K. Let ~ = 0 r. As j 1> k, going over to the 
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additive group (modp, +), there exists i (0 ~< i ~< k - 1) such that i + j  = 2k - 1 
or p -  1 (depending on whether ] >/2k -  1 or not). But this implies that either 
V2k-1--a or vp_~--a can be represented in the form vi +x° -x  =xi (O<~i <- 
k-  1), i.e., the points A, Bi(xi, x 2, 1) and one of the ideal points of K are 
collinear, as a contradiction. [] 
Construction 2 
First of all the following definition is needed (see [9]). 
Definit ion 1. A set i" c (~ ((~ is an Abelian group) is a maximal 3-independent 
subset iff 
(i) if tl, t2, t3 ~ T, then tl + t2 + t3 =/= 0, 
(ii) for every u • t~\T there exist tl, t2 e ~P such that u + tl + t2 = 0. 
Now take q =p2h (h I> 5, p :/: 2, 3 a prime, q > qo) and or =p26 Aut(GF(q)). In 
this case (~ = (mod p, +) x (mod p, +). We recall Remark 2 of [9] as a lemma. 
Lemma 3. Let T c G be a maximal 3-independent subset and T be a system of 
representatives of the cosets of T. For any complete arc H containing 
Kr= {( (x" -x  +t), (x° -x  +t)3,1)lx ~GF(q),t~ T}, 
I~lq+ l~<lnl~<l~lq-+3 holds. 
or or 
Roughly speaking in order to prove the existence of complete arcs with 
approximately c .q  points, it is enough to construct maximal 3-independent sets 
T c (modp, +)x  (modp, +)with [TI ~c .p2. 
Lemma 4. Let G = (modp, +)x  (modp, +)(t752, 3 a prime) and k be an 
arbitrary integer between 1 and ~p. The set T = T~ O T~'*U 1"2 is a maximal 
3-independent subset of G, where 
T~' = {(x, y) l l  <-x~k and y ~-2},  
T2= {(u, 1) lu ¢ U= {-2, -3 , . . . ,  -2k}} 
r~*={(x , -2 ) l l~x<~k such that x+ul+u24=O for every ul, u2eU}. 
Moreover 
k(p -1)  ~zl (k+l )p  
p2 ~< ~< p2 
Proof. The bounds concerning IT] and the 3-independence of T (i.e., part (i) of 
Definition 1) follow at once from the definition of T. For proving the maximality 
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of T (part (ii) of Definition 1) let z = (a, b) • G\T.  The existence of h, t2 • T 
such that tl + t2+z  =0 is trivial for b = 1 or -2 ,  so we may assume that 
b :/: 1, -2  and k < a ~<p (a = 0 is replaced by a =p) .  From k < a it follows that 
either - (a+k)eU or - (a+l )eU,  so (a ,b )+(x ,y )+(u ,  1)=(O,O) and 
y = - (b  + 1) ~ -2 ,  x = k or 1 depending on whether a + k <p or not. [] 
Finally, we prove the density of A. 
Theorem 2. A O [0, ½]/s dense in [0, ½]. 
Proof. Let c • [0, ½] and e > 0 be given. Choose a prime number p/> 5 and an 
integer k such that 
k 1 1 1 
-~-  p< E 
p 2 '  
and 
k Ic-  1 
P 
Depending on whether k > 13p or not Construction 1 or 2 gives a complete arc K 
with approximately kq/p points. More precisely I lgl - c .  ql <<- (2q/p) + 3, in both 
cases, i.e., 
Igl 2 3 
~--c  ~<- q-~--~<~ E. 
q P 
D 
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